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Deep learning dominated by neural networks (NN) shares profound connections with kernel methods, offering
rich opportunities for mutual advancement between these two paradigms. Consequently, researchers tend to
combine deep learning with kernel methods, leading to deep kernel learning techniques. In particular, the in-
tegration of kernel methods offers a principled approach to mitigate the “black-box” nature of deep models by
imposing structural inductive biases on deep models, thereby enhancing their interpretability. Conversely, the
integration of hierarchical NN enables kernel methods to adopt hierarchical parameterizations, significantly en-
hancing their expressive power and broadening their range of applications. Despite these advances, existing deep
kernel learning approaches remain constrained by their reliance on positive definite kernels, limiting their ex-
pressiveness in capturing complex structures and relationships within the data. To address this issue, we propose
deep indefinite spectral kernel networks (InsNet), a novel framework that generalizes the conventional Hilbert
space formulation by relaxing the positive definiteness constraint, thereby enabling more flexible and expres-
sive modeling of intricate data dependencies. Concretely, an indefinite spectral kernel mapping is first estimated
based on the decomposition of a signed measure, comprising both positive and negative definite components
with complex-valued representation. The devised mapping is then stacked to construct InsNet, facilitated by a
novel initialization scheme. Beyond the architectural innovation, we provide a rigorous theoretical analysis of
InsNet, examining its structural properties and generalization bounds. Extensive experiments on synthetic and
real-world data demonstrate InsNet’s superior capability, underscoring its practical advantages.

1. Introduction control explicitly in standard deep neural networks (DNNs). Specifically,

deep spectral kernels admit a layer-wise spectral interpretation, where

Deep learning [1-3] and kernel methods [4-6] have achieved re-
markable success by leveraging their unique advantages. However, they
each face fundamental limitations. Deep learning models, despite their
powerful empirical expressiveness, are commonly regarded as black-box
models, lacking process-level interpretability. Conversely, kernel meth-
ods are grounded in rigorous mathematical foundations, offering clear
structural interpretability, but are inherently shallow and thus strug-
gle to handle complex tasks. Interestingly, these two paradigms exhibit
profound connections [7], offering mutual advancement opportunities.
Consequently, researchers tend to combine deep learning with kernel
methods, leading to deep kernel learning techniques. On the one hand,
the integration of kernel methods offers a principled approach to mit-
igate the “black-box” nature of deep models, thereby enhancing their
interpretability. This design imposes structural inductive biases on deep
models, enabling them to encode prior assumptions on smoothness, re-
ciprocal patterns, and non-Euclidean relationships, which are difficult to
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each layer can be understood as imposing specific spectral constraints on
the learned representation. On the other hand, the introduction of DNNs
enables kernel methods to adopt hierarchical parameterizations, signif-
icantly enhancing their expressive power and broadening their range of
applications.

For deep kernel learning, researchers have devoted extensive efforts
to researching and have achieved significant advancements. A pioneer-
ing work, Arc-cosine kernels [8], was proposed by introducing recursive
kernel maps, where input transformations are iteratively applied L times
to emulate NN architectures. Building upon this foundation, researchers
have developed increasingly sophisticated deep kernel methods capa-
ble of modeling complex data structures and their intricate interactions.
For example, Zhang et al. [9] proposed a stacked kernel network with
stationary positive definite kernels to capture nonlinear patterns behind
data. Xue et al. [10] extended this scheme to non-stationary positive def-
inite kernels for capturing the long-range dependence of data in amore
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$L$


$\bm {X}$


$\bm {x}$


$x$


$\bm {z}\in \mathbb {C}^n$


$\bm {z}=\bm {u}+i\bm {v}$


$\bm {u}$


$\bm {v}$


$\bm {z}^*=\bm {u}-i\bm {v}$


$\bm {z}$


$\bm {z}_1=\bm {u}_1+i\bm {v}_1, \bm {z}_2=\bm {u}_2+i\bm {v}_2 \in \mathbb {C}^n$


$\bm {z}_1+\bm {z}_2=(\bm {u}_1+\bm {u}_2) + i(\bm {v}_1+\bm {v}_2)$


$\bm {z}_1^\top \bm {z}_2=(\bm {u}_1^\top \bm {u}_2-\bm {v}_1^\top \bm {v}_2)+i(\bm {u}_1^\top \bm {v}_2+\bm {v}_1^\top \bm {u}_2)$


$\&$


$k(\bm {x}, \bm {x}') = k(\bm {\tau }), \bm {\tau } = \bm {x}- \bm {x}'$


$\mathbb {R}^d$


$k(\bm {\tau }) = \int _{\mathbb {R}^d} e^{i\bm {\omega }^\top \bm {\tau }} d \mu (\bm {\omega })$


$\mu $


$\mathbb {R}^d$


$\mu $


$d\mu (\bm {\omega }) = s(\bm {\omega })d\bm {\omega }$


$k(\bm {\tau })$


$s(\bm {\omega })$


\begin {equation}\begin {aligned} k(\bm {\tau }) = \int _{\mathbb {R}^d} s(\bm {\omega })e^{i\bm {\omega }^\top \bm {\tau }}d\bm {\omega }, \quad s(\bm {\omega }) = \int _{\mathbb {R}^d} k(\bm {\tau }) e^{-i\bm {\omega }^\top \bm {\tau }}d(\bm {\tau }). \end {aligned} \label {stationary_spectral _kernel}\end {equation}


$k(\bm {\tau })$


$s(\omega )$


$p(\omega )$


\begin {equation}\begin {aligned} k(\bm {\tau }) = \mathbb {E}_{\bm {\omega } \sim p(\cdot )}\Big [\exp (i\bm {\omega }^\top \bm {x})\exp (i\bm {\omega }^\top \bm {x}')^*\Big ]. \end {aligned} \label {Xeqn2-2}\end {equation}


\begin {equation}\begin {aligned} k(\bm {\tau }) \approx \frac {1}{M} \sum _{m=1}^M \cos (\bm {\omega }_m^\top \bm {x})\cos (\bm {\omega }_m^\top \bm {x}') = \langle \Phi (\bm {x}), \Phi (\bm {x}')\rangle , \end {aligned} \label {stationary kernel}\end {equation}


$\Phi (\bm {x}) = \frac {1}{\sqrt {M}} {\Big [\cos (\bm {\omega }_1^\top \bm {x}), \ldots , \cos (\bm {\omega }_M^\top \bm {x})\Big ]}^\top $


$\{\bm {\omega }_m\}_{m=1}^M$


$p(\bm {\omega })$


$X$


$k:X \times X \to \mathbb {R}$


\begin {equation}\begin {aligned} \sum _{i,j=1}^N \alpha _i\alpha _j k(\bm {x}_i, \bm {x}_j) \geq 0 \end {aligned} \label {Xeqn4-4}\end {equation}


$N \in \mathbb {N}$


$\{\bm {x}_i\}_{i=1}^N \subset X$


$\{\alpha _i\}_{i=1}^N \subset \mathbb {R}$


$k$


\begin {equation}\begin {aligned} \sum _{i,j=1}^N \alpha _i\alpha _j k(\bm {x}_i, \bm {x}_j) \leq 0 \end {aligned} \label {Xeqn5-5}\end {equation}


$N \in \mathbb {N}$


$\{\bm {x}_i\}_{i=1}^N \subset X$


$\{\alpha _i\}_{i=1}^N \subset \mathbb {R}$


$\sum _{i=1}^N \alpha _i = 0$


$(\mathcal {K}, \langle \cdot , \cdot \rangle _{\mathcal {K}})$


$\mathcal {H}_+$


$\mathcal {H}_-$


$\mathcal {K}$


$f\in \mathcal {K}$


$f = f_+ + f_-$


$f_+ \in \mathcal {H}_+$


$f_- \in \mathcal {H}_-$


$f,g \in \mathcal {K}$


$\langle f, g \rangle _{\mathcal {K}}=\langle f_+, g_+ \rangle _{\mathcal {H}_+}-\langle f_-, g_- \rangle _{\mathcal {H}_-}$


$\alpha $


$\Phi (\bm {\cdot })$


$k(\bm {x}, \bm {x}') \approx \langle \Phi (\bm {x}), \Phi (\bm {x}')\rangle _\mathcal {K}$


$\mathcal {K}$


$\Psi (\cdot )$


$\Psi ^l(\cdot ) = \sigma (\bm {W}^\top \Psi ^{l-1}(\cdot ))$


$\sigma $


$\bm {W}$


$l$


\begin {equation}\begin {aligned} \text {InsNet}(\bm {x}) = \Psi ^{l-1}(\cdots \Psi ^1(\Phi (\bm {x}))). \end {aligned} \label {Xeqn6-6}\end {equation}


\begin {equation}\begin {aligned} k^l(\bm {x}, \bm {x}') & = \langle \Psi ^{l-1}(\cdots \Psi ^1(\Phi (\bm {x}))), \Psi ^{l-1}(\cdots \Psi ^1(\Phi (\bm {x}'))) \rangle \\ & = \langle \text {InsNet}(\bm {x}), \text {InsNet}(\bm {x}') \rangle . \end {aligned} \label {Xeqn7-7}\end {equation}


$p(\cdot )$


$(X, \mathcal {A})$


$X$


$\mathcal {A}$


$\sigma $


$X$


$\mu :\mathcal {A} \to \mathbb {R}$


$\mu (A) \in \mathbb {R}$


$A \in \mathcal {A}$


$\delta $


$\{A_i\}_{i=1}^\infty \subset \mathcal {A}$


$\mu (\bigcup _{i=1}^\infty A_i) = \sum _{i=1}^\infty \mu (A_i)$


$\mu $


$(X, \mathcal {A})$


\begin {equation}\begin {aligned} \mu = \mu _+ - \mu _-, \end {aligned} \label {Xeqn8-8}\end {equation}


$\mu _+$


$\mu $


$\mu _-$


$\mu $


\begin {equation}\begin {aligned} k(\bm {x}, \bm {x}') = \int _{\mathbb {R}^d} e^{i\bm {\omega }^\top (\bm {x}-\bm {x}')} d\mu (\bm {\omega }), \end {aligned} \label {Xeqn9-9}\end {equation}


$\mu $


\begin {equation}\begin {aligned} k(\bm {x}, \bm {x}') = & \int _{\mathbb {R}^d} e^{i\bm {\omega }_+^\top (\bm {x}-\bm {x}')}d\mu _+(\bm {\omega }_+) -\int _{\mathbb {R}^d} e^{i\bm {\omega }_-^\top (\bm {x}-\bm {x}')}d\mu _-(\bm {\omega }_-) \\ = & \int _{\mathbb {R}^d} e^{i\bm {\omega }_+^\top (\bm {x}-\bm {x}')}s_+(\bm {\omega }_+)d\bm {\omega }_+ -\int _{\mathbb {R}^d} e^{i\bm {\omega }_-^\top (\bm {x}-\bm {x}')}s_-(\bm {\omega }_-)d\bm {\omega }_-, \end {aligned} \label {indefinte kernel decomposition}\end {equation}


$\bm {\omega }_+$


$\bm {\omega }_-$


$\mathbb {R}^d$


$\mu _+$


$\mu _-$


$\int _{\mathbb {R}^d} e^{i\bm {\omega }_+^\top (\bm {x}-\bm {x}')}s_+(\bm {\omega }_+)d\bm {\omega }_+$


$\int _{\mathbb {R}^d} e^{i\bm {\omega }_-^\top (\bm {x}-\bm {x}')}s_-(\bm {\omega }_-)d\bm {\omega }_-$


$s_+(\bm {\omega }_+)$


$s_-(\bm {\omega }_-)$


\begin {equation}\begin {aligned} k(\bm {x}, \bm {x}') & = \int _{\mathbb {R}^d} e^{i\bm {\omega }_+^\top (\bm {x}-\bm {x}')}s_+(\bm {\omega }_+)d\bm {\omega }_+ -\int _{\mathbb {R}^d} e^{i\bm {\omega }_-^\top (\bm {x}-\bm {x}')}s_-(\bm {\omega }_-)d\bm {\omega }_- \\ & \approx \frac {1}{M} \sum _{m=1}^M \Big [\cos (\bm {\omega }_{+,m}^\top \bm {x})\cos (\bm {\omega }_{+,m}^\top \bm {x}')- \cos (\bm {\omega }_{-,m}^\top \bm {x})\cos (\bm {\omega }_{-,m}^\top \bm {x}')\Big ] \\ & = \frac {1}{M} \begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ i\cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix}^{\top } \begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x}')\\ i\cos (\bm {\Omega }_-^\top \bm {x}') \end {bmatrix}\\ & = \langle \Phi (\bm {x}), \Phi (\bm {x}')\rangle , \end {aligned} \label {Xeqn11-11}\end {equation}


$\bm {\Omega }_+ = [\bm {\omega }_{+,1}, \ldots , \bm {\omega }_{+,M}]$


$\bm {\Omega }_- = [\bm {\omega }_{-,1}, \ldots , \bm {\omega }_{-,M}]$


$s_+(\bm {\omega }_+)$


$s_-(\bm {\omega }_-)$


$M$


\begin {equation}\begin {aligned} \Phi (\bm {x}) & = \frac {1}{\sqrt {M}}\begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ i\cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix} = \begin {bmatrix} \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{+,1}^\top \bm {x})\\ \vdots \\ \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{+,M}^\top \bm {x})\\ i \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{-,1}^\top \bm {x})\\ \vdots \\ i \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{-,M}^\top \bm {x}) \end {bmatrix}. \end {aligned} \label {indefinite spectral kernel mapping}\end {equation}


\begin {equation}\begin {aligned} \bm {h} = \Phi (\bm {x}) = \frac {1}{\sqrt {M}} \begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ \bm {0} \end {bmatrix} + i\frac {1}{\sqrt {M}}\begin {bmatrix} \bm {0}\\ \cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix}, \end {aligned} \label {complex-valued matrix mapping}\end {equation}


$\bm {0} \in \mathbb {R}^M$


$l$


$l\geq 2$


\begin {equation}\begin {aligned} \bm {W} = \begin {bmatrix} \bm {A} & \bm {0}\\ \bm {0} & \bm {D} \end {bmatrix} + i \begin {bmatrix} \bm {0} & \bm {B}\\ \bm {C} & \bm {0} \end {bmatrix}, \end {aligned} \label {weight}\end {equation}


$\bm {A}$


$\bm {B}$


$\bm {C}$


$\bm {D}$


$\bm {0}$


$\Psi (\cdot ) = \sigma (\bm {W}^\top (\cdot ))$


$\sigma $


\begin {equation}\begin {aligned} &\Psi (\bm {h}) = \sigma (\bm {W}^\top \bm {h})\\ &\, = \sigma \Bigg [\Bigg (\begin {bmatrix} \bm {A}^\top & \bm {0}\\ \bm {0} & \bm {D}^\top \end {bmatrix} + i \begin {bmatrix} \bm {0} & \bm {B}^\top \\ \bm {C}^\top & \bm {0} \end {bmatrix} \Bigg ) *\Bigg (\begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ \bm {0} \end {bmatrix} + i\begin {bmatrix} \bm {0}\\ \cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix}\Bigg )\Bigg ]\\ &\, = \begin {bmatrix} \sigma \Big [\bm {A}^\top \cos (\bm {\Omega }_+^\top \bm {x})-\bm {B}^\top \cos (\bm {\Omega }_-^\top \bm {x})\Big ]\\ i\sigma \Big [\bm {C}^\top \cos (\bm {\Omega }_+^\top \bm {x})+\bm {D}^\top \cos (\bm {\Omega }_-^\top \bm {x})\Big ] \end {bmatrix}\\ &\, = \begin {bmatrix} \sigma \Big [\begin {bmatrix} \bm {A}^\top & -\bm {B}^\top \end {bmatrix}\begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ \cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix}\Big ]\\ i\sigma \Big [\begin {bmatrix} \bm {C}^\top & \bm {D}^\top \end {bmatrix}\begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ \cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix}\Big ] \end {bmatrix}. \end {aligned} \label {Xeqn15-15}\end {equation}


$\sigma (\cdot )$


\begin {equation}\begin {aligned} \Psi (\bm {h}) = \begin {bmatrix} \cos (\bm {W}_+^\top \hat {\bm {h}})\\ \bm {0} \end {bmatrix} + i\begin {bmatrix} \bm {0}\\ \cos (\bm {W}_-^\top \hat {\bm {h}}) \end {bmatrix}, \end {aligned} \label {stack operate}\end {equation}


$\hat {\bm {h}} = \begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ \cos (\bm {\Omega }_-^\top \bm {x})\end {bmatrix}$


$\bm {W}_+^\top = \begin {bmatrix} \bm {A}^\top & -\bm {B}^\top \end {bmatrix}$


$\bm {W}_-^\top = \begin {bmatrix} \bm {C}^\top & \bm {D}^\top \end {bmatrix}$


$\begin {bmatrix} \cos (\bm {W}_+^\top \hat {\bm {h}})\\ \bm {0} \end {bmatrix} + i\begin {bmatrix} \bm {0}\\ \cos (\bm {W}_-^\top \hat {\bm {h}}) \end {bmatrix}$


\begin {equation}\begin {aligned} \text {InsNet}(\bm {x}) = \Psi ^{l-1}(\cdots \Psi ^1(\Phi (\bm {x}))), \end {aligned} \label {Xeqn17-17}\end {equation}


$l$


\begin {equation}\begin {aligned} k^l(\bm {x}, \bm {x}') & = \langle \Psi ^{l-1}(\cdots \Psi ^1(\Phi (\bm {x}))), \Psi ^{l-1}(\cdots \Psi ^1(\Phi (\bm {x}'))) \rangle \\ & = \langle \text {InsNet}(\bm {x}), \text {InsNet}(\bm {x}') \rangle . \end {aligned} \label {deep indefinite spectral kernel}\end {equation}


$f$


$\mathcal {K}$


$f = f_+ + f_-$


$f_+ \in \mathcal {H}_+$


$f_- \in \mathcal {H}_-$


$\mathcal {K}$


$\langle f, g \rangle _{\mathcal {K}}=\langle f_+, g_+ \rangle _{\mathcal {H}_+}-\langle f_-, g_- \rangle _{\mathcal {H}_-}$


$f,g \in \mathcal {K}$


$\mathcal {H}_+$


$\mathcal {H}_-$


$\mathcal {K}$


$k$


$k = k_+ - k_-$


\begin {equation}\begin {aligned} k^l(\bm {x}, \bm {x}') = & \begin {bmatrix} \cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1})\\ i\cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1}) \end {bmatrix}^{\top } \begin {bmatrix} \cos (\bm {W}_+^{l\top }\bm {\hat {h}}'^{l-1})\\ i\cos (\bm {W}_-^{l\top }\bm {\hat {h}}'^{l-1}) \end {bmatrix}\\ = & k_+^l(\bm {x}, \bm {x}') - k_-^l(\bm {x}, \bm {x}'), \end {aligned} \label {kernel with l layers}\end {equation}


$\bm {W}_+^l$


$\bm {W}_-^l$


$l^{th}$


$\bm {\hat {h}}^{l-1}$


$\bm {\hat {h}}'^{l-1}$


$\Psi ^{l-2}(\cdots \Psi ^1(\Phi (\bm {x})))$


$\Psi ^{l-2}(\cdots \Psi ^1(\Phi (\bm {x}')))$


\begin {equation}\begin {aligned} k_+^l(\bm {x}, \bm {x}') = \langle \cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1}), \cos (\bm {W}_+^{l\top }\bm {\hat {h}}'^{l-1}) \rangle , \\ k_-^l(\bm {x}, \bm {x}') = \langle \cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1}), \cos (\bm {W}_-^{l\top }\bm {\hat {h}}'^{l-1}) \rangle , \end {aligned} \label {Xeqn20-20}\end {equation}


$k^l(\bm {x}, \bm {x}')$


$\mathcal {K}^l$


$\mathcal {H}_+^l$


$\mathcal {H}_-^l$


$f\in \mathcal {K}^l$


$f = f_+ + f_-$


$f_+ \in \mathcal {H}_+^l$


$f_- \in \mathcal {H}_-^l$


$f_+(\bm {x}) = \cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1})$


$f_-(\bm {x}) = \cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1})$


$f(\bm {x}) = \cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1}) + \cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1}), f(\bm {x}') = \cos (\bm {W}_+^{l\top }\bm {\hat {h}}'^{l-1}) + \cos (\bm {W}_-^{l\top }\bm {\hat {h}}'^{l-1})$


\begin {equation}\begin {aligned} \langle f(\bm {x}), f(\bm {x}') \rangle & = \cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1}) \cos (\bm {W}_+^{l\top }\bm {\hat {h}}'^{l-1}) - \cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1}) \cos (\bm {W}_-^{l\top }\bm {\hat {h}}'^{l-1})\\ & = \langle f_+(\bm {x}), f_+(\bm {x}')\rangle - \langle f_-(\bm {x}), f_-(\bm {x}')\rangle , \end {aligned} \label {new inner product defination}\end {equation}


\begin {equation}\begin {aligned} \langle f(\bm {x}), f(\bm {x}') \rangle = \langle f_+(\bm {x}), f_+(\bm {x}')\rangle + (- \langle f_-(\bm {x}), f_-(\bm {x}')\rangle ), \end {aligned} \label {Xeqn22-22}\end {equation}


$\langle f_+(\bm {x}), f_+(\bm {x}')\rangle $


$\cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1})$


$\cos (\bm {W}_+^{l\top }\bm {\hat {h}}'^{l-1})$


$\bm {x}\neq \bm {0}$


$-\langle f_-(\bm {x}), f_-(\bm {x})\rangle = -\cos ^2(\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1}) \leqslant 0$


$-\langle f_-(\bm {x}), f_-(\bm {x}')\rangle $


$-\langle f_-(\bm {x}), f_-(\bm {x}')\rangle $


$\cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1})$


$\cos (\bm {W}_-^{l\top }\bm {\hat {h}}'^{l-1})$


$\cos (\bm {W}_+^{l\top }\bm {\hat {h}}^{l-1})$


$\cos (\bm {W}_-^{l\top }\bm {\hat {h}}^{l-1})$


$\mathcal {F}$


$\mathcal {F}$


$\hat {\mathcal {R}}_N(\mathcal {F})$


\begin {equation}\begin {aligned} \hat {\mathcal {R}}_N(\mathcal {F}) = \mathbb {E}_\xi \sup \limits _{f\in \mathcal {F}} \mid \frac {1}{N} \sum _{i=1}^N \xi _i f(\bm {x}_i)\mid , \end {aligned} \label {Xeqn23-23}\end {equation}


$\{\bm {x}_i\}_{i=1}^N \in \mathcal {X}$


$\{\xi _i\}_{i=1}^N$


$\ell $


$L$


$\mathbb {R}^d$


$\mathcal {F}$


$1-\delta $


\begin {equation}\epsilon _{\mathcal {F}} - \hat {\epsilon }_{\mathcal {F}} \le 4\sqrt {2}L\hat {\mathcal {R}}(\mathcal {F}) + \mathcal {O}(\sqrt {\frac {log1/\delta }{N}}), \label {Xeqn24-24}\end {equation}


$\epsilon _{\mathcal {F}}$


$\hat {\epsilon }_{\mathcal {F}}$


\begin {equation}\begin {aligned} \mathcal {K}:= \{\Phi (\cdot )|\bm {\omega }_{+,m},\bm {\omega }_{-,m} \in \mathbb {R}^d\},\\ \Phi (\bm {x}) = \begin {bmatrix} \cos (\bm {\Omega }_+^\top \bm {x})\\ i\cos (\bm {\Omega }_-^\top \bm {x}) \end {bmatrix}. \end {aligned} \label {Xeqn25-25}\end {equation}


$k_+$


$\Phi _{spd} (\bm {x})$


$\mathcal {H}_{spd}$


\begin {equation}\begin {aligned} & \Phi _{spd} (\bm {x}) = \cos (\bm {\Omega }_+^\top \bm {x}),\\ \mathcal {H}_{spd} & := \{\Phi _{spd}(\cdot )|\bm {\omega }_{+,m} \in \mathbb {R}^d\}. \end {aligned} \label {Xeqn26-26}\end {equation}


$\mathcal {K}$


$\mathcal {H}_{spd}$


$\{(\bm {x}_i, y_i)\}_{i=1}^N$


$\mathcal {X}$


$||\bm {x}||_2 = 1$


$\bm {x}$


$\mathcal {X}$


\begin {equation}\begin {aligned} \hat {\mathcal {R}}_N(\mathcal {K}) \leq & ||\bm {\xi }||_2 ||\bm {w}||_2 |\exp (-2||\bm {\omega }_+||^2)-\exp (-2||\bm {\omega }_-||^2)| \\ \hat {\mathcal {R}}_N(\mathcal {H}_{spd}) & \leq ||\bm {\xi }||_2 ||\bm {w}||_2 \exp (-2||\bm {\omega }_+||^2). \end {aligned} \label {Xeqn27-27}\end {equation}


\begin {equation}\label {empirical Rademacher complexity in appendix} \begin {aligned} \hat {\mathcal {R}}_N(\mathcal {F}) = & \mathbb {E}_\xi \sup \limits _{f\in \mathcal {F}} \mid \frac {1}{N} \sum _{i=1}^N \xi _i f(\bm {x}_i)\mid \\ = & \mathbb {E}_\xi \sup \limits _{f\in \mathcal {F}} \mid \frac {1}{N} \sum _{i=1}^N \xi _i \bm {w}^\top \Phi (\bm {x}_i)\mid \\ \leq & \frac {1}{N} \mathbb {E}_\xi \sup \limits _{f\in \mathcal {F}} \mid \bm {\xi }^\top (\bm {w}^\top \bm {\Phi })\mid \\ \leq & \frac {1}{N} ||\bm {\xi }^\top ||\cdot ||\bm {w}^\top ||\cdot ||\bm {\Phi }||_F, \end {aligned}\end {equation}


$\bm {\xi } = [\xi _1; \xi _2; \cdots ; \xi _N], \bm {\Phi } = [\Phi (\bm {x}_1), \Phi (\bm {x}_2), \ldots \Phi (\bm {x}_N)]$


$||\bm {\Phi }||_F$


$||\bm {\Phi }||_F$


\begin {equation}\begin {aligned} ||\bm {\Phi }||_F = & (tr(\bm {\Phi }^\top \bm {\Phi }))^{\frac {1}{2}}\\ = & (\sum _{i=1}^N \phi (\bm {x}_i)^\top \phi (\bm {x}_i))^{\frac {1}{2}} \\ = & (\sum _{i=1}^N k(\bm {x}_i, \bm {x}_i))^{\frac {1}{2}}. \end {aligned} \label {Xeqn29-29}\end {equation}


$\sum _{i=1}^N k(\bm {x}_i, \bm {x}_i)$


\begin {equation}\begin {aligned} \sum _{i=1}^N k(\bm {x}_i, \bm {x}_i) & = \sum _{j=1}^N \Big [\mathbb {E}_{\bm {\omega }_+ \sim P_+}[\cos (\bm {\omega }_+^\top \bm {x}_j)]^2 - \mathbb {E}_{\bm {\omega }_- \sim P_-}[\cos (\bm {\omega }_-^\top \bm {x}_j)]^2\Big ]\\ & = \sum _{j=1}^N \frac {1}{2}\Big [(1+\exp (-2\|\bm {\omega }_+\|^2\|\bm {x}_j\|^2) - (1+\exp (-2\|\bm {\omega }_-\|^2\|\bm {x}_j\|^2)\Big ]\\ & \leq \frac {N}{2}|\exp (-2\|\bm {\omega }_+\|^2)-\exp (-2\|\bm {\omega }_-\|^2)|. \end {aligned} \label {Xeqn30-30}\end {equation}


$\bm {\omega }_+$


\begin {equation}\begin {aligned} \sum _{i=1}^N k_{spd}(\bm {x}_i, \bm {x}_i) & = \sum _{j=1}^N \mathbb {E}_{\bm {\omega }_+ \sim P_+}[\cos (\bm {\omega }_+^\top \bm {x}_j)]^2 \\ & = \sum _{j=1}^N \frac {1}{2}(1+\exp (-2\|\bm {\omega }_+\|^2\|\bm {x}_j\|^2) \\ & = \frac {N}{2}\exp (-2\|\bm {\omega }_+\|^2). \end {aligned} \label {Xeqn31-31}\end {equation}


\begin {equation}\begin {aligned} \hat {\mathcal {R}}_N(\mathcal {K}) \leq & \|\bm {\xi }\|_2 \|\bm {w}\|_2 |\exp (-2\|\bm {\omega }_+\|^2)-\exp (-2\|\bm {\omega }_-\|^2)| \\ \hat {\mathcal {R}}_N(\mathcal {H}_{spd}) & \leq \|\bm {\xi }\|_2 \|\bm {w}\|_2 \exp (-2\|\bm {\omega }_+\|^2). \end {aligned} \label {Xeqn32-32}\end {equation}


$|\exp (-2\|\bm {\omega }_+\|^2)-\exp (-2\|\bm {\omega }_-\|^2)| \leq \exp (-2\|\bm {\omega }_+\|^2)$


$\hat {\mathcal {R}}_N(\mathcal {K}) \leq \hat {\mathcal {R}}_N(\mathcal {H}_{spd})$


\begin {equation}\begin {aligned} \Phi _{con}(\bm {x}) & = \frac {1}{\sqrt {M}}\begin {bmatrix} \cos (\bm {\Omega }_+^\top * \bm {x})\\ i\cos (\bm {\Omega }_-^\top * \bm {x}) \end {bmatrix} = \begin {bmatrix} \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{+,1}^\top * \bm {x})\\ \vdots \\ \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{+,M}^\top * \bm {x})\\ i \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{-,1}^\top * \bm {x})\\ \vdots \\ i \frac {1}{\sqrt {M}}\cos (\bm {\omega }_{-,M}^\top * \bm {x}) \end {bmatrix} \end {aligned} \label {Xeqn33-33}\end {equation}


$\bm {\Omega }_+$


$\bm {\Omega }_-$


$M$


\begin {equation}\begin {aligned} \Psi _{con}(\bm {h}) & = \sigma (\bm {W}^\top \bm {h})\\ & = \sigma \Bigg [\Bigg (\begin {bmatrix} \bm {A}^\top & \bm {0}\\ \bm {0} & \bm {D}^\top \end {bmatrix} + i \begin {bmatrix} \bm {0} & \bm {B}^\top \\ \bm {C}^\top & \bm {0} \end {bmatrix} \Bigg ) \\ & *\Bigg (\begin {bmatrix} \cos (\bm {\Omega }_+^\top *\bm {x})\\ \bm {0} \end {bmatrix} + i\begin {bmatrix} \bm {0}\\ \cos (\bm {\Omega }_-^\top * \bm {x}) \end {bmatrix}\Bigg )\Bigg ]\\ & = \begin {bmatrix} \sigma \Big [\bm {A}^\top * \cos (\bm {\Omega }_+^\top * \bm {x})-\bm {B}^\top * \cos (\bm {\Omega }_-^\top * \bm {x})\Big ]\\ i\sigma \Big [\bm {C}^\top * \cos (\bm {\Omega }_+^\top * \bm {x})+\bm {D}^\top * \cos (\bm {\Omega }_-^\top * \bm {x})\Big ] \end {bmatrix} \end {aligned} \label {Xeqn34-34}\end {equation}


$\bm {A}$


$\bm {B}$


$\bm {C}$


$\bm {D}$


$l$


\begin {equation}\begin {aligned} InsCNet(\bm {x}) = \Psi _{con}^{l-1}(\dots \Psi ^1(\Phi _{con}^1(\bm {x}))). \end {aligned} \label {Xeqn35-35}\end {equation}


$F_{en}$


$F_{de}$


$L$


$F_{en}: \mathbb {R}^{C_0\times H_0 \times W_0} \to \mathbb {R}^{C_L \times H_L \times W_L}$


$C_0$


$C_0 = 3$


$H_0$


$W_0$


$C_L\times H_L \times W_L$


$\frac {C_L}{2}$


$\frac {C_L}{2}$


$L$


$F_{de}: \mathbb {R}^{\frac {C_L}{2}\times H_L \times W_L} \to \mathbb {R}^{1 \times H_0 \times W_0}$


$L=3$


$\uparrow $


$\bm {\Sigma } \in \mathbb {R}^{5\times 5}$


$v_1, v_2, \ldots , v_5$


$\mathcal {N}(\bm {0}, \bm {\Sigma })$


$\bm {V} \in \mathbb {R}^{5 \times 200}$


$\hat {\bm {\Sigma }}$


$\bm {\Sigma }$


$\hat {\bm {\Sigma }}$


$\bm {\Sigma }$


$\hat {\bm {\Sigma }}$


$\bm {\Sigma }$


$\hat {\bm {\Sigma }}$


$\bm {\Sigma }$


$\hat {\bm {\Sigma }}$


$\Sigma $


$\hat {\Sigma }$


$\bm {\Sigma }$


$\hat {\bm {\Sigma }}$


$\bm {\Sigma }$


$\hat {\bm {\Sigma }}$


$\bm {X} \in \mathbb {R}^{N \times B}$


$N$


$B$


$\bm {S} \in \mathbb {R}^{N \times N}$


$64 \times 64$


$\uparrow $


$\text {ACC} = 79.69\%$


$\text {Precision} = 80.46\%$


$\text {Recall} = 79.12\%$


$\text {F1} = 79.28\%$


$15.91\%$


$68.75\% \to 79.69\%$


$17.2\%$


$68.65\% \to 80.46\%$


$15.62\%$


$68.43\% \to 79.12\%$


$15.79\%$


$68.47\% \to 79.28\%$


$\mathcal {O}(NM)$


$\mathcal {O}(N^2)$


$M$


$l$


$\mathcal {O}(N^2)$
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Table 1
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Commonly presented notations and their definitions.

Notation Definition

Notation Definition

R real number space

R n-dimensional Euclidean space

R the space of m X n real-valued matrix
K Krein space

N sample number

(OB inner product

E expectation

H Hilbert space

7 transposition

C complex number space

ct n-dimensional complex number space
Cmxn the space of m X n complex-valued matrix
F function space

d sample dimension

k(-,-) kernel function

-, L, norm

H, RKHS

- llp F-norm

compact way. Furthermore, Xue et al. [11] generalized it to a complex-
valued representation to enhance the representational power. These de-
velopments demonstrate the promising potential of deep kernel methods
in combining the theoretical rigor of kernel methods with the expres-
siveness of deep learning.

Nevertheless, existing deep spectral kernel methods typically rely
on positive definite kernels, a choice inherited from classical kernel
constructions based on Bochner’s theorem. This constraint restricts the
admissible spectral representations to non-negative measures, limiting
their ability to mine the complex hierarchical structures and reciprocal
relationships within the data. The former denotes interactions between
data [12], such as the mutual promotion and suppression in biomedicine
[13]. The latter refers to the multi-scale organizational structure [14],
such as the ranging local-to-global and low-to-high level information
in the sequential data [15] and image data [14]. Remarkably, existing
studies have demonstrated that indefinite kernels provide a rich repre-
sentational capability for modeling these characteristics in a reproduc-
ing kernel Krein space. However, Bocher’s theorem no longer holds for
indefinite kernels, which generally involve both positive and negative
components. The fundamental differences between positive definite and
indefinite kernels hinder the straightforward transfer of probabilistic
sampling and stacking. Therefore, more efforts are required to develop
a new framework that can break the positive definiteness constraints in
kernel networks.

In this paper, we propose deep Indefinite spectral kernel Network
(InsNet), a novel framework that generalizes the deep spectral kernel
networks constructed by stacking explicit spectral kernel mappings de-
rived from the Fourier transform of positive definite kernels to indef-
inite settings. This scheme extends the standard Hilbert space by re-
laxing the positive definiteness constraint, enabling more expressive
modeling of complex hierarchical structures and relationships within
the data. Specifically, we first derive an indefinite spectral kernel map-
ping based on the Bochner theorem [16] and signed measures [17],
yielding complex-valued representations. Here, the real and imagi-
nary parts correspond to positive definite and negative definite com-
ponents, respectively. Then, we stack the indefinite spectral kernel
mappings, adhering to the rules of complex number operations, to
construct InsNet. Note that a novel initialization scheme is also in-
troduced for the weight matrix, where the real and imaginary parts
are initialized with block diagonal and anti-diagonal matrices, respec-
tively. This initialization scheme retains the statistical characteristics
of indefinite kernels. Beyond the architectural innovation, we pro-
vide a rigorous theoretical analysis of InsNet, examining its structural
properties and generalization bounds. Furthermore, we evaluate In-
sNet through comprehensive experiments on both synthetic and real-
world data. Empirical results demonstrate consistent improvements
over state-of-the-art deep spectral kernel methods across all evaluation
metrics.

The remainder of this paper is organized as follows. In Section 2, we
introduce the notation, preliminary knowledge, and related works. We
provide the details of the proposed InsNet in Section 3. In Section 4,
we theoretically analyze our InsNet in terms of components and gen-
eralization. In Section 5, we conduct a set of experiments on synthetic

and real-world datasets, indicating the practical advantages of InsNet.
Finally, we simply conclude this paper in Section 6.

2. Preliminary and related works
2.1. Preliminary

This section introduces the necessary preliminary knowledge to bet-
ter illustrate the proposed InsNet. Throughout this paper, matrices,
vectors, and scalars are denoted by bold capital letters (e.g, X), bold
lower-case letters (e.g., x) and lower-case letters (e.g., x), respectively.
A complex number z € C" is represented as z = u + iv with a real part u
and an imaginary part v. z* = u — iv denotes the complex conjugate of
z. For any two complex numbers z; = u; +iv|,z, =u, +iv, € C", z; +
Zy = (U + ) +i(V) +1y), 2] 2, = U] Uy — V] 0y) +i(u] v, + V] wy). A set
of commonly presented notations is summarized in Table 1.

Kernel methods are well known to suffer from scalability issues due
to high memory and computational costs. To tackle this problem, the
random Fourier feature scheme has been developed to approximate the
kernel function using explicit kernel mapping by Rahimi & Recht [18].

Theorem 1 (Bochner’s Theorem [16]). A continuous and stationary ker-
nel k(x,x') = k(t),t = x — x' on R? is positive definite if and only if it can
be formulated as: k(t) = /Rd LY u(®), where p is a bounded non-negative
measure on R4,

Based on Bocher’s theorem, if 4 is absolutely continuous with respect
to the Lebesgue measure, i.e., d u(®) = s(w)do, there exists a one-to-one
correspondence between the kernel k(r) and the spectral density s(®).
such that:

k(z) = / s@)e® Tdo, s(®) = / k(m)e @ T d(z). eh)
R4 R4

Theorem 1 establishes a bijective correspondence between a station-
ary kernel k() and its spectral density s(w), which is associated with a
probability density p(w). As a result, the stationary kernel in Theorem 1
can be rewritten as follows:

k(T) = Egpiy [ exp(io" x) exp(ia)Tx/)*] . (2)

Since the kernel is a real-value function, removing the imaginary part
and using Monte Carlo sampling, the stationary kernel can be approxi-
mated as:

M
k() & % Z cos(®] x) cos(@] x') = (®(x), D(x")), 3)
m=1

.
where ®(x) = \/l—ﬁ [cos(a)]Tx), ...,cos(@} x)| is called random Fourier

features. {,,} ,’:1”:
pendently.

| are the frequencies and are sampled from p(w) inde-

Definition 1 (Positive, Negative, and Indefinite Kernel [19]). Let X be
a nonempty set. A function k : X X X — R is a positive definite kernel
if and only if

N
Y aa;k(x;, x,) > 0 4

ij=1
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for all N €N, {xi},-]L c X and {oz,-},_’iI c R. We call the function k is a
negative definite kernel if and only if it is Hermitian and

N
Y aayk(x;, x,) <0 )
i,j=1

forall N €N, {x,.}fi1 C X and {a,.}fil c R with Zi’il a; = 0. Otherwise,
it is called an indefinite kernel.

Definition 2 (Krein Space [20]). An inner product space (K, (-, )x) is
a Krein space if there exist two Hilbert space M, H_ spanning X such
that:

¢ All f € K can be decomposed into f = f, + f_, where f, € H, and
f_eH_.
e For aﬂy fsg € ICa <f’g>lC = <f-¢-7g+>7-[+ - <f—7g—>H7'

2.2. Related works

2.2.1. Indefinite kernel learning

Indefinite kernels, as a generalization of positive definite kernels,
have gained research interest due to their flexibility and promising
performance in exploring non-Euclidean metrics [21,22]. For example,
Miinch et al. [23] proposed a complex-valued embedding framework for
generic proximity data, in which pairwise relations, including indefinite
and asymmetric similarities, are represented through inner products in
a complex Hilbert space. Learning indefinite kernels in RKKS is often
computationally expensive and challenging to apply directly to large-
scale learning tasks. To enhance the scalability of indefinite kernels,
researchers have developed various approaches. For instance, Gisbrecht
et al. [24] proposed an integrative combination of Nystrom approxi-
mation, potential double centering, and eigenvalue correction to obtain
valid kernel matrices at linear costs in the number of samples. Subse-
quently, by leveraging Nystrom approximation, researchers tend to seek
a low-rank representation to approximate indefinite kernels in a data-
dependent way [25-28]. The core idea of these methods is to approx-
imate the original kernel matrix using a small-sized matrix, which is
calculated by a subset of training samples or eigenvalues.

In addition, the random Fourier feature (RFF) is also a widely used
method to approximate an indefinite kernel in a data-independent way.
Pennington et al. [29] first proposed to approximate stationary indefi-
nite kernels with the Gaussian mixture model and introduced spherical
random Fourier features, delivering a compact approximation to poly-
nomial kernels for data on the unit sphere. Based on [29], Liu et al. [30]
proposed a double-infinite Gaussian mixture model in random Fourier
feature by placing the Dirichlet process prior, which takes full advantage
of high flexibility on the number of components and has the capability
of approximating indefinite kernels on a wide scale. Additionally, Liu et
al. [31] transformed the positive decomposition of indefinite kernels to
measure decomposition, developing the RFF-based algorithm for the in-
definite kernels. Furthermore, Luo et al. [32] proposed the generalized
orthogonal random Fourier features, an unbiased estimation with lower
variance.

2.2.2. Deep kernel learning

Deep kernel learning techniques are propelling the field toward a
more principled integration of NNs and kernel methods, effectively ad-
dressing the inherent limitations of traditional kernel approaches, par-
ticularly their architectural and scalability challenges. One strategy in-
tegrates a deep module, such as DBN [33], deep GP (DGP) [34], and
DNNs [35], as the front-end of a kernel to form a synergy model. This
framework was subsequently generalized to a structured kernel inter-
polation framework [36], which integrates the inducing point method
with structure-exploiting techniques to derive a sparse approximation of
the original kernel. Wilson et al. [37] reformulated the framework using
stochastic variational inference, introducing stochastic variational deep
kernel learning (SV-DKL). Furthermore, Matias et al. [38] introduced
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amortized variational deep kernel learning (AVDKL). This approach in-
volves amortized inducing points and a parameter-sharing scheme. Loria
& Bhadra [39] introduced a deep kernel posterior learning framework
using infinite-variance prior weights, deriving an a-stable infinite-width
limit with conditionally Gaussian structure, enabling recursive random
kernels and effective posterior inference while preserving representa-
tion learning in deep Bayesian neural networks. D’Amore [40] proposed
a model-level decomposition approach for deep kernel learning that ad-
dresses the curse of dimensionality by splitting both the model’s op-
erators and network into decomposed parts to improve computational
efficiency and scalability.

An alternative strategy constructs deep kernels through the stacking
of kernels, implicitly encoding hierarchical feature interactions. In this
strategy, spectral kernels, constructed from the inverse Fourier trans-
form, are typically applied to modeling deep kernels. For example, Tian
et al. [41] proposed a copula-nested approach based on Yaglom’s theo-
rem, which introduces copula networks into the design of the spectral
density. Fang et al. [42] developed an innovative generative network
framework for stationary kernels, where the sampling distribution is im-
plicitly learned via an NN. In addition, Tonin et al., [43] proposed deep
kernel principal component analysis, which found that a negative regu-
larization is helpful for deep feature learning. More deep kernel methods
can be found in [44-47].

3. Deep indefinite spectral kernel network

This section first presents the overall architecture of the proposed
InsNet. Then, each module within the architecture is explicitly provided
in the subsequent section.

3.1. Overall architecture

The construction of InsNet begins with estimating indefinite spectral
kernel mapping through the Bochner theorem and the decomposition
of a signed measure. Then, the indefinite kernel is hierarchically incor-
porated into the neural network via stacking the estimated indefinite
spectral kernel mappings with a novel initialization scheme. The stack
operation is illustrated in Fig. 1.

Concretely, we notate the estimated indefinite spectral kernel map-
ping as @(-), which satisfies k(x,x’) ~ (@(x), ®(x')); for an indefinite
kernel. K is a Krein space. The stack operation (or feedforward) is de-
noted as ¥(-), defined as W/(-) = o(W TW!-1(.)). o is the activation func-
tion. W is the weight matrix, generated by the proposed initialization
scheme. Based on the above framework, InsNet with / layers is formu-
lated as follows:

InsNet(x) = ¥/~ (--- 1 (@(x))). 6)
The corresponding deep indefinite spectral kernel (DiSK) is defined by:
ke, xy = (! (o (@), W - @ )))

) @)
= (InsNet(x), InsNet(x")).

3.2. Indefinite spectral kernel mapping

As established in Section 2.1, the mapping estimation of a posi-
tive definite kernel predominantly depends on sampling from a prob-
ability density function p(-), which fundamentally constitutes a non-
negative measure under the framework of Bochner’s theorem. However,
the derivation strategy employed for Eq. (3) is inapplicable to the indef-
inite case. To bridge this methodological gap between positive definite
and indefinite kernels, following the paradigm of [31], the signed mea-
sure and its Jordan decomposition are introduced to estimate the indef-
inite spectral kernel mapping.

Definition 3 (Signed Measure [17]). Let (X, .4) be a measurable space,
where X is a set and A is a o-algebra of subsets of X. A signed measure
is a function x4 : A — R that satisfies:
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Fig. 1. The framework of InsNet for the stack operation.

e u(A) €R for every A € A.
* J-additivity. For any countable collection of disjoint sets {A4;}2 C
A, uUZ, A) = 2, u(A).

Definition 4 (Jordan Decomposition [17]). Given a signed measure u
on a measurable space (X, A), its Jordan decomposition expresses as:

M=y —H_, ®

where yu, is a positive measure, called the positive part of u. u_ is a
positive measure, called the negative part of u.

Based on the Fourier-Stieltjes representation theorem, a stationary
indefinite kernel can be defined as:

k(x, x') = / @ g (@), ©)
Rd

where y denotes a finite signed measure. According to Definition 4, the
indefinite kernel can be further formulated by:

k(x, xl) =/d eimI(x—x/)d”+(0)+) _ /d eimI(x—x’)dﬂ_(m_)
R R
10
—/ 15 (@, )do —/ ¢l (0 )do
= +@04)d0, -\@_)do_,
R4 R4

where o, and w_ denote integration variables over the same frequency
domain R?, associated with the positive measures u, and u_, respec-
tively. fpae sy(@,)do, and [o, ¢@l6-x)s_(@_)de_ represent
two positive definite kernels, corresponding to the spctral densities
s, (w,) and s_(w_), respectively.

Eq. (10) provides a measure-based representation of the indefinite
kernel decomposition. By further simplifying this equation and using
Monte Carlo sampling for each positive definite component, the indefi-

imI(x—x’ )

nite kernel can be approximated as follows:

k(x,x") = / ei“’I("_"’)s+(m+)dm+ - / el (o Yda_
Rd R

M
1 T T T T
N — cos(@, , x)cos(w, ,x')—cos(@_, x)cos(®_, x)
37 2 [cos@] e coste] , )
_ 1 cos(QIx) T cos(QIx’ )
T M |icos(QTx)| |icos(QTx")
= (D(x), D(x)),

whereQ, = [0, ,....,0, y]andQ_ =[w_,, ..., »_ )] are the frequency
matrices, sampling from s (@,) and s_(®_), respectively. M is the num-
ber of samples. The approximation bound, established in [31], provides
a preliminary theoretical foundation for the indefinite spectral kernel
mapping estimation.

As a result, the indefinite spectral kernel mapping with the complex-
valued representation is defined as follows:

S . -
— cos(® +Jx)

N
1 [cos(QTx) - cos.(mI mX)
<1>(x)=—[, 4 ]: Vi M 12
\/M icos(Q!x) IW cos(a)_,lx)
iﬁ cos'(a): Mx)
3.3. InsNet
Rewriting Eq. (12) as follows:
_ 1 Jeos@Ix)] .1 0
h=00) = \/_ﬁ[ 0 ]*’\/—ﬁ[cosmzx)]’ a3

where 0 € RM, and all the entries are 0. After that, we stack it to con-
struct InsNet. To ensure the sub-network from the first layer to the /th
layer (I > 2) can be rigorously interpreted as an indefinite spectral ker-
nel, the complex-valued weight matrix with a block diagonal and an
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anti-diagonal matrix is defined as:

o o)

where A, B, C, and D are real-valued matrices. 0 denotes an all-zero
matrix. Based on Eqs. (13) and (14), the stack operation ¥(-) = (W (-))
(o is the activation function) can be formulated as follows:

B
0], (14

Y(h) = c(WTh)

(1 2l D)5 )

o|AT cos(QIx) — BT cos(QTx)

ic|CT cos(QIx) + DT cos(QTx)

T T cos(QT x)
6[['4 B ][cos(gﬁx)]]

. T cos(QTx)
lO’[[C [COS(QTJC) ]
(15)
By defining o(-) as the cosine function, we obtain

cos(WTh) 0

¥ = [ 0 ] i [cos(WTh)] (16)

T
where i = [cos(Q#x)] is the real-valued representation of indefinite
cos(Q’ x)

spectral kernel mapping. W, = [AT  —BT|,W! =[CT DT]arethe

weight matrices, correspondmg to two different positive measures of the
o

.:os(uof+ h)] . i[

indefinite kernel. The output [ ] is considered

0
cos(WTh)
as an indefinite spectral kernel mapping and input to the next layer.

As a result, InsNet can be constructed as follows:

InsNet(x) = ¥/~ (- P1(@(x))), a7

and the corresponding DiSK with / layers is defined as:

K e, x"y = (P G- P @), - EH@(x)))

18)
= (InsNet(x), InsNet(x’)).

4. Analysis of InsNet

In this section, we rigorously analyze the proposed InsNet, including
the components, approximation, and generalization error bound.

4.1. Positive-definite and negative-definite parts

Based on Definition 2, any f in a Krein space K admits a decomposi-
tion into f = f, + f_, where f, € H, and f_ € H_. The inner product
in K is defined as (f,g)x = (f+,g+),.,+ —(f_.,g_)y_ forany f,g e K. If
M, and H_ are two RKHSs, K is an RKKS that is associated with an
indefinite kernel k and admits a Kolmogorov decomposition into two
positive definite kernels i.e., k = k, — k_.

According to Egs. (16) and (18), DiSK can be defined and further
decomposed by:

K (x, x') = cos(WlTi,H) T cos(WJfTil'H)
T licosWITRIEY | i cos(WTR!-1)

=k (x,x") — k" (x,x"),

19)

where W/ and W' are weight matrices of the /" layer. h'~' and
i'-! are the real-valued representations of W/=2(-.-W!(®d(x))) and
PI=2(... ¢l (d(x"))), respectively, and

! TR T R=1

k', (x, x") = (cos(W/Th'™"), cos(W/Th''~1)),

K (x,x") = (cos(W'Th!=1), cos(W'T''=1)) 0
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are two stationary positive definite kernels with the RFF representation.
Therefore, we deem the DiSK associated with an RKKS, which can be
decomposed into two RKHSs, induced by two positive definite kernels.
We denote the RKKS, induced by the kernel k/(x,x’), as K'.
The corresponding two RKHS are denoted as H! and H'. For
f€K!, it can be decomposed into f=f, + f_, where f, € H!,
foeH, and f,(x)=cos(W/Th'™"), f_(x)=cos(W'Th'""). Fur-
thermore, by defining f(x)=cos(W/Th'~") + cos(W!Th'"), f(x") =
cos(Wfiz”‘l) + cos(W'Th''=1), the inner product can be written as:

(fG), f(x)) = cos(W!Th'™") cos(W/Th'"™") — cos(W'Th'~") cos(W'Th'" ")

= ([0, 1) = (), f_(x)),
(21)

preserving the property of the inner product in Definition 2.
Reconsidering this inner product and rewriting it as:

(fQ, f(x) = (f100), £ () + (=(f_(x), f_(x)), (22)

where (f,(x), f,(x')) is associated with a positive definite ker-
nel and corresponds to the feature mappings cos(W!Th'~!) and
cos(W/Th''="). Since for any x # 0, —(f_(x), f_(x)) = —cos>(W'Th/~") <
0, —(f_(x), f_(x")) is connected with an negative definite kernel.

Returning to Eq. (21), it shows that —(f_(x), f_(x")) corresponds to
the feature mappings cos(W/Th/~!) and cos(W'Th’'~!). Consequently,
cos(Wfiz’ =1y and cos(W'Th'~1) can be, respectively, seen as positive def-
inite and negative definite parts of InsNet and hierarchically capture the
complex patterns and structures inherent in the data. This advancement
is verified in the experiment section.

4.2. Theoretical results

This section investigates the generalization ability of InsNet. By
analyzing its generalization error bound, we demonstrate that InsNet
achieves improved generalization guarantees compared with positive
definite stationary spectral kernel-based models.

Definition 5 (Empirical Rademacher Complexity). Set F to be a class
of uniformly bounded functions. The empirical Rademacher complexity
of the class of functions 7, R y (F), is defined as:

N
A 1
Ry =Egsup | ; &L (). (23)

where {x;} fi | € X are i.i.d samples. {&;} I’i , are random variables.

Theorem 2. Assume the loss function ¢ is L-Lipstchitz in R? and F is a
hypothesis space. With probability at least 1 — 5, the following risk bound
holds

. log1/s
er —&p <AV2LR(F) + O( og /

), (24
where ey denotes the expected risk and é; denotes the empirical risk.

By Eq. (12), the RKKS, induced by InsNet, is defined as follows:
K :={®O)|o,,,.o_,, € R},

cos(QIx) (25)
icos(QTx)|"

O(x) = [

As discussed in Section 4.1, the indefinite spectral kernel can be decom-
posed into two positive definite stationary kernels. Considering the part
k. of the indefinite spectral kernel, it leads to a positive definite station-
ary spectral kernel. The corresponding plain spectral kernel mapping

@,,,(x) and RKHS H,,, are defined as follows:

CDSpd(x) = cos(QIx),
Hopy = (Ppy(Olo,, € RY).

As a result, we have the following theorem considering the empirical
Rademacher complexities of these hypothesis spaces X and H

(26)

spd*
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Theorem 3. Following the notation and considering a normalized training
set {(x,-,y,-)}f;’l. Suppose X is compact and ||x||, =1 for any x in X. The
empirical Rademacher complexity of different models is bounded by

Ry (K) <IIEllllw] || exp(=2lo, |1%) — exp(=2]l@_|*)]

X , @7)
Ry Hypa) < 18121 1wl ] exp(=2] o, [[%).

Proof. Based on the definition of empirical Rademacher complexity, we
have

N
. 1
Ry(F)=Egsup | — ) &f(x) |
N ffE[T)' N ; i i
1 N
=F,sup | — Y &w'  d(x,)
asup | NZ] ; Dl 28)

1 T T
<<=E;sup | & (w D) |
N jer

1

ﬁlliTll || - |||

where & = [£];&; - ;En ], @ = [D(x)), D(xp), ... P(x )]

According to Eq. (28), we can observe that the empirical Rademacher
complexity is closely related to ||®||.. Next, we calculate ||®||, and
have

||| =(1r( @ D))

N
_ T i
-(E P d(x))2 29)
N 1
= klx;, x))2.
i=1

We further calculate Z,A:’ L k(x;,x;) under two cases, our proposed
method and the stationary positive definite case. For our proposed
method, we have

Z k(x;,x;) =

[[E,,,+~ p, lcos@]x)> — E,,__p [cos(@ x j)]z]

Mz iM=

N =

|1+ exp(=2ll0. 1211%, 1) = (1 + exp(=2llo_I12l1x,11%)]

~.
Il

lexp(=2[l@.,[I*) — exp(=2[l@_]|*)-

NIZ

(30)

For the stationary positive definite case, it can be seen as the special
case involving w_ . Thereby, we have

z kgpa(x;, x;) = Z Eo,~p, [cos(co -)]2

j=1
N
| €3
2 5 (1 + exp(=2llo, 171 11%)
E

> exp(-2], ).

As a result, we have

Ry () <€l lwlly | exp(=2ll@, [I*) — exp(—2llw_|*)]

X s (32)
Ry Hpa) < 1l llwlly exp(=2l@ 1)

Since  |exp(=2flo, |I*) — exp(=2[lo_[1*)] < exp(~2l, [|),
Ry(K) < Ry(Hyp). O

guarantee

By Theorems 2 and 3, it can guarantee that our InsNet has a better
generalization ability than the model that is induced by the stationary
positive definite kernel.
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Table 2

The detailed information of the involved dataset. Specifically, the in-
put size denotes the number of time points or features for the time-
series classification task.

Dataset Type Input size Train.Data Test.Data Class
FordA Sensor 500 3601 1320 2
FordB Sensor 500 3636 810 2
Wine Spectro 234 57 54 2
ECG200 ECG 96 100 100 2
ECG5000 ECG 140 500 4500 5
Herring Image 512 64 64 2
Ham Spectro 431 109 105 2
Proximal Image 80 400 139 6
Table 3

The average results of time series classification with 20 repetitions. The best
results are highlighted in bold and the suboptimal results are highlighted in
underline.

Dataset InsNet SRFF DSKN ASKL CosNet CokeNet
ECG200  91.10,,,5 87.95,,,9 88.85.375 88.90,¢ 90.60,,05 90.00,, ¢5
ECG5000 94.07.00; 9325,045  92.46.9,; 9275, 93.68,004 —

FordA 81.36,000 8034576 80.55,54 72.66.345 80.33,000 7229000
FordB 127,509 690154  69.60,,0 64.63.403 7041406 —

Ham 7433, 7224.1506 7081, 682469 71.29,55 735735
Herring 65.55, 1104 57.58.415  57.73,95 60.39.5,5 65.00,,5 62.34,,077
Wine 87.13,9, 7787000 75.65.000 6843.1u565 8398.55  78.52.5 16
Proximal 8398,  78.98.,; 77.88.2 824993 82.88,75, 82.80,;

5. Experiment

As discussed previously, InsNet extends the standard Hilbert space
formulation to Krein space via relaxing the positive definiteness con-
straint, thereby enhancing its capacity to capture complex structures
within the data. Moreover, the associated DiSK provides an effective
means to measure the relationships between data. To assess the efficacy
of the proposed InsNet and DiSK, we perform extensive experiments
on multiple public datasets and synthetic data. All implementations are
based on PyTorch [48] and executed on a workstation with an NVIDIA
RTX 3090 GPU, an AMD R7-5700X 3.40GHz 8-core CPU, and 32 GB of
memory.

5.1. Can InsNet capture the complex structures?

To verify the capability of InsNet in capturing intricate structures, we
conduct experiments on two tasks involving data with intricate archi-
tectures in the dimensions of time and space: time series classification
and image segmentation.

5.1.1. Time series classification

Dataset: 8 sub-datasets with default training and testing data split-
ting from the UCI Archive [49] dataset are involved in this experiment,
and their statistics are shown in Table 2.

Compared methods: We compare InsNet with mainstream deep
spectral kernel methods: DSKN [10]: Deep Spectral Kernel Network,
which embedded non-stationary spectral kernel into deep architectures;
SRFF [9]: Stacked Kernel Network, which stacks random Fourier fea-
tures with stationary kernels; ASKL [44]: Automated Spectral Kernel
Learning, which incorporates the process of finding suitable kernels
and model training in a learning framework; CosNet [11]: A Gener-
alized Spectral Kernel Network, which generalizes spectral kernel map-
ping in real number domain to complex number domain; CokeNet [41]:
Copula-Nested Spectral Kernel Network, which introduces copula net-
works into the design of the spectral density.

Results: The results of time series classification in Table 3 reveal the
following insights: (1) Our proposed InsNet consistently outperforms
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mainstream deep spectral kernel methods. This is attributed to its hi-
erarchical indefinite spectral kernel mappings, which enhance repre-
sentational ability, coupled with the inherent flexibility of Krein space
compared to conventional positive definite kernels in Hilbert space.
(2) CosNet achieves generally subpar performance, likely due to its
non-stationarity and the complex-valued representation that inherently
exists in the time-sequential data. (3) SRFF exhibits limited perfor-
mance, which is caused by its stationarity that relies solely on the dis-
tance between data, ignoring the long-range dependence of the data.
These findings collectively underscore InsNet’s efficacy in extracting the
complex patterns of time series data.

5.1.2. Image segmentation

As discussed in Section 4.1, InsNet consists of positive and negative
definite components, enabling the learning of complementary feature
representations. To empirically verify this, we extend InsNet to convo-
lutional neural networks (CNNs), proposing the indefinite spectral con-
volutional network (InsCoNet), and evaluate its performance on a seg-
mentation task using two public datasets. Like InsNet, the construction
of InsCoNet includes two steps: estimation of indefinite spectral convo-
lutional mapping and stacking of convolutional mappings.

Specifically, the indefinite spectral convolutional mapping is defined
as follows:

e T ]
cos(a)erl * X)

N
(OT L cos(c;)-r % X)
() = — [ #X) | | Var T 33)
/M icos(Q! x x) l\/_ﬁ cos(a)_yl * X)

% X)

i—— cos(w'

| VM

where Q, and Q_ are filters, M is the number of filters.
The stack operation with the matrix form is defined as follows:

M

¥, ,.(h)=c(WTh)
AT 0 o BT
“\lo bp7|*c™ o
cos(QT  x) . 0 (34
* ([ J ] + [cos(Q'_r * x)] >]

o|AT % cos(Q] # x) — BT x cos(Q] * x)

ic|CT # cos(QL # x)+ DT x cos(QT = x)

where A, B, C, and D are the filters. Moreover, InsCNet with / layers is
defined as:
InsCNet(x) =¥/~ ¢I(®! (x))). (35)

con con

Dataset: CrackForest dataset, an annotated database of road cracks
consisting of 156 images, 118 of which have the corresponding ground
truth. We select 97 images with binary masks from 118 images, of which
77 are randomly selected for training and 20 for testing. The segmen-
tation subset of PASCAL VOC dataset, including 2913 images with an
80-20 split ratio allocated for model training and testing, respectively.

Experimental Setting: The model in this experiment consists of an
encoder F,, and a decoder F,,. Specifically, the encoder is an exten-
sion of our InsNet in a convolutional form with L layers. It encodes the
image into two parts, corresponding to positive definite and negative
definite components discussed in Section 4.1. The operation is defined
as F,, : RCoxHoxWo _, RELXHLXWL where C,, is the number of channels
(Cy = 3 for the RGB image), H, and W, denote the height and width of
the input image, respectively. C; x H; x W, is the size of output fea-
tures. The first % channels correspond to the positive definite features

and the remaining CT’ channels refer to the negative definite features.

The decoder is the deconvolutional network with L layers, decoding the

Table 4
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Segmentation results. The best results are highlighted in bold. (1)
indicates the larger, the better.

Dataset Metrics InsNet DSKN CosNet 1-InsNet

CrackForest Dice (1) 0.5113 0.5021 0.4869 0.2464
IoU (1) 0.3660 0.3546 0.3422 0.1492

PASCAL VOC Dice (1) 0.5550 0.5391 0.5357 0.3537
IoU (1) 0.4116 0.3955 0.3937 0.2304

positive definite and negative definite features, respectively. The oper-

ation is defined as F, : RFXHIWL _, RIXHOWo Ty this experiment,
we set L = 3, and ReLU is selected as the activation in the decoder. The
model is trained using the Adam [50] algorithm with cross-entropy loss.
The learning rate is equal to 0.001.

Results: To quantitatively assess the effectiveness of our InsCoNet,
we compare InsCoNet with the convolutional variant of three baselines,
including DSKN, CosNet, and one-layer InsNet (1-InsNet), under two
evaluation metrics, Dice Coefficient (Dice) and Intersection over Union
(IoU). Here, DSKN contains two non-linear maps in each layer, and
CosNet is composed of real and imaginary parts. Different parts within
DSKN or CosNet are applied to encode the image into two parts, respec-
tively. One-layer InsNet, which includes negative definite components,
is a ’shallow’ model. The results are reported in Table 4. We can ob-
serve that (1) InsNet outperforms DSKN and CosNet, which are induced
by positive kernels. This is attributed to the negative definite compo-
nents. (2) InsNet is significantly superior to 1-InsNet, highlighting the
necessity of developing deep indefinite kernels.

Visualization: The segmentation results, visualized in Fig. 2, demon-
strate the following information: (1) The predictions achieve remarkable
alignment with the actual crack locations, indicating the effectiveness of
the proposed InsNet. (2) InsNet shows outstanding performance in cap-
turing sharp turns or intricate details of the crack pattern, as highlighted
by the red rectangle in Fig. 2(e). This is because of the introduction of
negative definite components, which enables us to supervise the infor-
mation from different hierarchies. (3) InsNet, in its convolution form,
not only segments the crack structures but also detects the additional
texture, i.e., the cracks at the bottom in Fig. 2(c) and the cracks at the
top in Fig. 2(d). This demonstrates the robustness of our approach in
separating the abnormal structure from the background.

5.2. Can DiSK capture reciprocal relationships?

In practice, obtaining ground-truth correlations to directly validate
the ability of a model to capture complex relationships remains chal-
lenging. In this part, we evaluate DiSK through the simulation experi-
ment and further the real-world task (i.e., the functional brain network
estimation for brain disorder classification).

5.2.1. Simulation experiment

Our simulation experiment begins by generating an indefinite co-
variance matrix (i.e., correlation matrix) £ € R>® governing the rela-
tionships among five random variables v;, v,, ..., vs. For each variable,
we draw 200 independent samples from a distribution N'(0, X), result-
ing in a data matrix V € R>?%, We then employ DiSK to estimate the
underlying correlation structure, denoted as £. In addition, we perform
eigenvalue decomposition on both the ground-truth X and the estimated
. All results are visualized in Fig. 3.

Results in Fig. 3 show that £ and ¥ are highly similar, indicating
that our InsNet can mine the inherent patterns of the data and explore
their complex relationships. In Fig. 3(c), we visualize the eigenvalues of
¥ and £, where eig_Sigma (blue dots) and eig_InsNet (red dots) denote
the eigenvalues of £ and £, respectively. This indicates that the pro-
posed approach can effectively capture eigenvalues, whether positive,
negative, or near zero, which makes it capable of modeling the various
modes of data.
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Fig. 2. The segmentation results on the CrackForest dataset. Ori denotes the original image. GT denotes the ground truth of the binary mask, and Pred denotes the

prediction using the convolution form of InsNet.
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Fig. 3. Results on synthetic data. (a) The ground-truth covariance matrix X. (b) The estimated covariance matrix £. (c) The eigenvalues of X and £, where eig_Sigma
and eig_InsNet denote the eigenvalues of = (blue dots) and £ (red dots), respectively. (For interpretation of the references to colour in this figure legend, the reader

is referred to the web version of this article.)

5.2.2. Brain network estimation for MCI detection

Brain networks, estimated by modelling the functional interactions
arising from cross-regional temporal dependencies of signals among dis-
tinct brain regions, provide a valuable framework for exploring our
brain and mining biomarkers for the progressive neurodegenerative dis-
orders, such as Alzheimer’s disease (AD). In this section, we employ In-
sNet to estimate the functional brain network and subsequently perform
a detection task to distinguish between the early stage of AD (Mild Cog-
nitive Impairment (MCI)) and Normal Control (NC).

This experiment consists of three key steps: (1) Signal matrix ex-
traction. For each subject, we extract a signal matrix X € RV*2 from
the resting-state functional magnetic resonance imaging (rs-fMRI) data,
where N is the number of brain regions, and B is the length of the brain
signals. (2) Functional connectivity estimation. The proposed DiSK is
utilized to compute the correlation matrix S € RV*N for each subject,
capturing pairwise functional interactions between brain regions. (3)
Detection. We perform MCI vs. NC detection based on the derived cor-
relation.

Dataset: Alzheimer’s Disease Neuroimaging Initiative (ADND)!
dataset is utilized in this experiment, comprising 165 MCI and 154 NC.
The rs-fMRI data of all subjects were acquired by a Philips 3.0T scan-
ner with the following imaging parameters: flip angle = 80, TR/TE =
3000ms/300ms, voxel thickness = 3.3mm, and image matrix = 64 X 64.
The scanning lasted 7 min, which generated 140 volumes for each sub-
ject. The information on these subjects is reported in Table 5.

Compared methods: GRFF [42]: Generative Random Fourier Fea-
tures, a one-stage kernel learning approach that models some latent dis-
tribution of the kernel via a generative network based on the random
Fourier features; CosNet [11]: A Generalized Spectral Kernel Network,
which generalizes spectral kernel mapping in the real number domain

! https://adni.loni.usc.edu/

Table 5
The information of subjects.
Database  Category Subjects  Age Brain regions ~ Volumes
ADNI MCI (+1) 165 72.03+7.71 116 140
NC (-1) 154 75.36+6.16 116 140
Table 6

Detection results. The best results are highlighted in bold.
(1) indicates the larger, the better.

Metric DiSK CosNet CokeNet GRFF

ACC (1) 79.69%  68.75%  64.06% 67.19%
Precision (1) 80.46% 68.65% 63.04% 66.18%
Recall (1) 79.12%  68.43%  64.73% 68.27%
F1(1) 79.28%  68.47%  62.52% 65.77%

to the complex number domain; CokeNet [41]: Copula-Nested Spectral
Kernel Network, which introduces copula networks into the design of
the spectral density.

Results in MCI detection: As shown in Tables 6, the pro-
posed InsNet achieves the following results: ACC = 79.69%, Precision =
80.46%, Recall = 79.12%, and F1 = 79.28%, outperforming all compared
methods across all evaluation metrics. Specifically, InsNet achieves
15.91% accuracy increment (68.75% — 79.69%), 17.2% precision incre-
ment (68.65% — 80.46%), 15.62% recall increment (68.43% — 79.12%),
and 15.79% F1 score increment (68.47% — 79.28%) compared to the sub-
optimal model (CosNet). The quantitative results reveal the following
insights: (1) Our DiSK demonstrates exceptional performance. This ad-
vantage can be attributed to the fact that, compared with the positive
definite kernel-based approaches that mainly capture correlations, DiSK
is capable of representing reciprocal relationships, including both mu-
tual promotion and suppression between brain regions. These findings
suggest that indefinite kernels offer a more expressive representation for
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Table 7
The detailed experimental settings.
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Task Dataset Methods Ir Batch size Initialization (spectral sampling) Network architecture
InsNet 0.01 train samples Gaussian d x 1024 x 256 x 128 X Class
SRFF 0.01 train samples Gaussian d X512 %128 X 64 X Class
Time series classification ~ All DSKN 0.01 train samples ~ Gaussian d x 1024 X 256 X 64 x Class
ASKL 0.01 train samples Gaussian -
CosNet 0.01 train samples Gaussian d x512% 128 X 64 X Class
CokeNet 0.01 train samples  Gaussian d x 1024 X 256 X 64 x Class
InsNet 0.01 4 Gaussian in_channel X 256 X 512 x 1024
CrackForest DSKN 0.01 4 Gaussian in_channel X 256 x 512 x 1024
CosNet 0.01 4 Gaussian in_channel X 256 x 512 x 1024
Image segmentation Single-layer InsNet 0.01 4 Gaussian in_channel X 256
InsNet 0.001 16 Gaussian in_channel X 256 x 512 x 1024
PASCAL VOC DSKN 0.001 16 Gaussian in_channel x 256 x 512 x 1024
CosNet 0.001 16 Gaussian in_channel X 256 X 512 x 1024
Single-layer InsNet 0.001 16 Gaussian in_channel X 256
InsNet 0.0001 32 Gaussian 137 x 128 x 256 x 256
MCI detection ADNI CosNet 0.0001 32 Gaussian 137 x 128 x 256 X 256
CokeNet 0.001 32 Gaussian 137 x 256
GRFF 0.001 32 Gaussian -

complex brain functional interactions. (2) The performance improve-
ment is more remarkable in terms of Recall and F1 score. This em-
phasizes that our method identifies subjects with MCI more accurately.
Meanwhile, it balances false positives and false negatives more effec-
tively. All these observations further demonstrate that our InsNet offers
a more robust solution for the MCI detection task, underscoring its prac-
tical advantages.

5.3. Discussion and limitation

In this section, we provide a comprehensive discussion of the pro-
posed InsNet, focusing on its computational complexity, hyperparame-
ter sensitivity, component interpretability, and scalability.

Computational Complexity: The proposed method has the same
computational complexity as the baseline methods when applied to the
same task. In the classification task, the proposed InsNet is employed as
a feature extractor. The computational complexity is O(N M). When the
method is used as a kernel function to model reciprocal relationships be-
tween data points, it incurs a computational complexity of O(N?). Com-
pared with baselines, the proposed InsNet involves two components,
the positive definite part and the negative definite part. This design in-
creases the model size in terms of parameters, thereby requiring more
memory. To further evaluate the efficiency of models, we compare the
proposed method with baselines under three key metrics, including per-
formance, training time, and memory footprint, on the FordA dataset.
The result, shown in Fig. 4, demonstrates that our InsNet achieves su-
perior classification accuracy while reducing training time, thereby in-
dicating its computational efficiency.

Hyperparameter Sensitivity: All the experimental settings are sum-
marized in Table 7. It can be observed that the proposed model involves
several key hyperparameters, such as the number of features M, the
number of layers /, and the choice of distributions for spectral sam-
pling. Within the proposed framework, the number of features and lay-
ers can be interpreted as the width and depth of neural networks, re-
spectively. Empirical evidence suggests that these two parameters have
a noticeable impact on model performance. Specifically, experiments
on the image segmentation task also indicate that the deeper architec-
ture (InsNet) achieves better performance than the shallower counter-
part (single-layer InsNet). By contrast, the choice of distribution appears
to have a limited influence on model performance, as it is only used to
initialize the spectral sampling procedure. During training, the spectrum
is further optimized, which reduces the impact of the initial distribution
on the final performance.

FordA

InsNet
Time: 6.955
em: 3.93M

CosNet
Time: 8.00s
Mem: 1.92M

SRFF
Time: 5.955
Mem: 1.51M

ACC

s
CokeNet

Time: 11.10s
Mem: 2.12M

@

5 10 12

Training Time (s/500 epochs)

70

Fig. 4. Model efficiency comparison on FordA.

Interpretability of Components: The proposed model incorporates
both positive definite and negative definite components. Both theoreti-
cal analysis and experimental results demonstrate that the cooperation
between these components enhances the overall performance of the
model. Nevertheless, the individual contributions of each component
in real-world applications are not yet well understood and constitute an
interesting direction for future research.

Scalability: The scalability of the proposed method primarily de-
pends on the type of task. If the method is employed as a feature ex-
tractor, its neural-network-like architecture enables it to scale to large
datasets. In contrast, when the method is used as a kernel function to
model interactions between data points, it incurs a computational com-
plexity of O(N?), which restricts its applicability to large-scale tasks.

6. Conclusion

In this paper, we propose InsNet, a novel deep kernel method. This
method extends the standard Hilbert space by breaking the positive
definiteness constraint, enabling the model to effectively capture com-
plex reciprocal connections and hierarchical structures within the data.
The theoretical analysis further characterizes the structural properties
of InsNet and establishes its approximation and generalization guar-
antees, offering solid theoretical support for the proposed design. Ex-
tensive experiments on both synthetic and real-world datasets consis-
tently demonstrate that our proposed InsNet can effectively capture
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complex correlations and structures inherent in the data, leading to sig-
nificant performance improvements over state-of-the-art relevant deep
kernel methods. Overall, by tightly integrating the architecture of In-
sNet with rigorous theoretical analysis and comprehensive experimental
validation, this paper presents a coherent deep kernel learning frame-
work, highlighting the practical potential and theoretical advantages of
incorporating indefinite kernels into deep kernel networks.
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